By allowing the axis of the film cylinder to intersect the rotation axis of the crystal at 45 ° , it is possible to design a compact camera which can be place into a Dewar vessel of diameter 115 mm that can be made of glass. This feature allows the diffraction study of single crystals to be carried out at liquid-helium temperature. A modified equi-inclination method is used and distorted Weissenberg patterns are obtained. The geometrical analyses lead to a comprehensive interpretation of the resulting patterns. Reflexions can be indexed by graphical methods. Diagrams for indexing rotation, zero and nth-layer photographs are given.
Introduction
Although many low-temperature diffraction studies have appeared in the literature (Coppens, Ross, Blessing, Cooper, Larsen, Leipoldt, Rees & Leonard, 1974 Heaton, Mueller, Adam & Hitterman, 1970 very few have dealt with photographic methods at temperatures below the boiling point of helium. Photography of the reciprocal lattice is an old-fashioned topic and has been extensively studied and elegantly summarized in many standard references (Buerger, 1942) . In this paper, we describe the geometrical analysis of a method in which the film cylinder intersects the rotation axis of the crystal at 45 ° . The mechanical design and lowtemperature experiments carried out with the camera will appear in subsequent publications.
The general data of the camera are" film cylinder: diameter 57-35, length 58 mm; dimensions of film: 176x 58 ram; angle between film cylinder axis and crystal rotation axis: 45°; inclination angle: 0-23°; angular velocity and direction of rotation of the film cylinder and the crystal is the same" 2 r.p.m; four-circle goniometer: angular adjustment _+ 6 ° maximum, lateral adjustment for centring -t-0.8 mm, axial adjustment for centring _+ 2.0 mm.
It is assumed that the reader is familiar with the concept of reciprocal lattice and is also familiar with the Weissenberg methods. The analysis given here is parallel to that of the Weissenberg camera (Buerger, 1942) starting with the rotating-crystal stationary-film method; then the rotating-crystal rotating-film methods are discussed. Ideally, it is possible to treat the zerolayer photograph as a special case of the nth-layer photograph, but the analysis for the zero-layer case is also very interesting in that it leads to better and easier understanding of the general nth-layer cases; therefore we chose to include them both.
The rotating-crystal stationary-film method
The geometrical relation in X-ray diffraction of an ordinary Weissenberg camera is shown in Fig. 1 . A set of Cartesian coordinates u'v'w' can be chosen such that u' is perpendicular to the X-ray beam, v', and the rotation axis, w', of the crystal. Note that w' is also the axis of the film cylinder. In Fig. 1 , Buerger's definitions of 20, Z and 1" are used and the following relations can be derived without further explanation. cos 20 = v'/r (1)
COS Z =( u'2 +v'2)1/2/r
tan Z =w'( u'2 +v'2) -,/2 (4) Note that r is the distance between the crystal and the point P whereas r I is the radius of the camera. Substituting (2) into (4) results in: tan Z= w'u'-x(1 +cot 2 F)-1/2.
(5)
If the film cylinder is rotated about the u' axis through an angle of 45 ° to a new position as shown in Fig. 2 , a new coordinate system, uvw, can be chosen to describe the system. It is clear from Fig. 2 that the transformations from one coordinate system to the other are:
The equation of the film cylinder is now U 2 + v2=r~ -.
By choosing the film coordinate x',y as indicated in A photograph of the camera corresponding to the arrangement is shown in Fig. 3 . Equations (2) and (5) can now be expressed in terms of the coordinates, uvw and they become w= -v + V2u cot Y (9) and
w= v + V2u tan x/sin it.
Eliminating w from (9) and (10) gives
The argument for the tan-1 function can be expressed in terms of reciprocal-lattice coordinates ~, ( with the relations arrived at by Buerger (1942) :
Then (12) becomes , VV(8¢2-2~4-2¢'-4~2¢2)]
x'=r:tan-L 2-~2-~2-2~ j. (14) Substituting (8) into (10) gives
x'
x'[ 2~ -4 4)] y = r: cos --+ V2r: sin r: --4 " (15) Theoretically, (14) can be substituted into the above equation and y can be expressed in terms of the reciprocal coordinates. However, the resulting equation will be very complicated, and of no particular use.
In practice, when the crystal is lined up such that a rational vector in real space coincides with the rotation axis, reflexions with constant ( will appear as layer lines on the rotation photograph taken with a cylindrical film cylinder.
Rotation photographs are normally indexed according to values of ~ and (. Thus the best way to index the photographs is by a graphical method. From (14) and (15), a graph with curves connecting points with constant ~ and ( can be made. However, curves with constant ( can be analysed separately by substituting (6) into (4) and simplifying:
(1 +tan 2 Z) + ]//2 tan X V[ 2v2 +U2( 1 --tan2 X)] w=v 1-tan 2z -1-tan 2Z (16) The locus of the intersection of the cone on the film cylinder can be obtained by substituting (8) 
(ii) ~=0"5. For this special case, (18) is undefined.
It is necessary to use the special value of tan t:= 1 in The identity period, trotation axis, along the rotation axis of the crystal can be determined from the rotation r,, photograph. Theoretically, the parameter ~ can be de-,o termined by superimposing the transparent diagram of Fig. 4 on the photograph. In practice, it is easier to focus on the film at some special values of x'. The convenient value of 0 for x' in (18) reduces it to "~
In fact, this relation can also be derived by reference to Fig. 6 which is the projection of the camera on a plane containing the X-ray beam, the rotation axis of the crystal and the axis of the film cylinder. The line along AB corresponds to x'=0 positions on the film. It is seen that Y--" = tan COB rf = tan (45 °-1:) cos 1: -sin 1: cos X + sin 1: When expressed in terms of reciprocal-lattice coordinates, 24) which can be shown to be the same as (22)• The quantity (. can be expressed in terms of y.'s which are measurable on the film:
[ l+ _1
(25)
The identity period, trotation axis, can then be calculated by n2 trotatio, axis = (---.-.
As an example of the above calculation y, values of the photograph shown in Fig. 5 are measured• The corresponding (, and trot are calculated from (25) and (26) and the results are given in Table 1 .
The zero-layer photograph
For a camera to be practical and successful it should be able to record as many reflexions as possible and the method of indexing should also be easy and unambiguous sects the rotation axis of the crystal at the origin is called the zero layer. In this section, the zero-layer photograph is examined because of its simplicity. The zero-layer reflexion can be singled out by use of a screen similiar to that of the Weissenberg method. This arrangement is shown in Fig. 7 .
In the Weissenberg method, the zero-layer reflexions are spread on a two-dimensional film by translating the film cylinder while the crystal rotates; whereas in this method, rotation of the film cylinder about an axis which intersects the rotation axis of the crystal at 45 ° will achieve the same effect. The slit shown in Fig. 7 , however, has only a half-circle opening in order to avoid duplication of spots to complicate the pattern.
For convenience in the analysis, the film cylinder is assumed to be stationary for the time being. The coordinates used for the film x',y are referred to the stationary film cylinder and x,y will be used when the film rotates in the same sense as the crystal rotates. In order to derive the relation between the film coordinates x,y and the angular coordinates Y, co, or the reciprocal-lattice coordinates ¢,(, so that it is possible to index a zero-layer photograph, the geometry indicated in Figs. 6, 8 and 9 is considered. In all three figures, O is the origin of the coordinates uvw and u'v'w'. It is also the position of the crystal. OP is the direction of the diffracted X-ray beam with P being a point on the film. The projection of OP on the plane containing the X-ray beam v', and the film cylinder axis w, is ON. The plane also contains the rotation axis of the crystal w (Fig. 6) . The film coordinate y is seen to be NT=y=ON/V2.
The second film coordinate x' is related to the angle ¢# by x' = r yq~ .
This relation is indicated in Fig. 9 , which is viewed from the end of the film cylinder (i.e. negative w). The intersection of the zero layer with the cylindrical film is an ellipse as shown in Fig. 8 . The variation of the crystal-to-film distance r, as a function of the angle F (which is equal to the scattering angle 20, for the zero layer), may be derived as follows.
The equation of the ellipse in the coordinate system u'v'w' is given by v'2/(V2r y) 2 +u'2/(r:)2= 1.
The length of the film is 2nr: and the width 2r:. Equation (29) can be rewritten as ¥,2 + 2U,2 = 2r:.
From Fig. 8 , it is clear that the coordinate of P, u',v', can be expressed in terms of r(o) and F by 
Also from Fig. 8 it is evident that
Hence, the relation for the y coordinate is obtained by combining (32) and (33) 
Referring to both Fig. 6 and Fig. 9 , it is seen that OT = _ TN=y and (28)is now:
x'=ryq~=rycos -10T=rycos -1 y.
Hence, y = cos (x'/rf).
The same result has been obtained in § 1, equation (19), with ¢=0. This equation expresses the locus of the zero-layer line on the cylindrical stationary film.
To spread a zero layer of the reciprocal lattice, it is necessary to rotate the film cylinder while the crystal is rotating. The film and the crystal are coupled in such a way that they both rotate through the same angle, co. The rotation brings the crystal into position for a reflexion to occur in the direction of OP. However, the coupled rotation of the film cylinder will cause the point P to appear at P1 (Fig. 9) . Therefore, the film coordinate x' is changed to x by the relation x = x' -cor I .
Since the rotation axis of the film cylinder is in the same direction as y, the rotation of the film cylinder does not change the y coordinates. The relations of the film coordinates x,y to the angular coordinates Y, co are therefore y = +_rf cos F/(1 +sin 2 )r')l/2, X = Yf (COS -1 y --60).
In order to have a chart to assist indexing the zerolayer photograph, the appearance of a central lattice row is considered first. For the sake of simplicity, it is assumed that the central lattice row is tangential to the big circle of the sphere of reflexion at the point x =0. The big circle is perpendicular to the rotation axis of the crystal.
For the zero-layer case (Buerger, 1942) ,
The negative sign in (39) corresponds to the design of the camera. The other sign corresponds to a mirror image of the same graph. The locus for the central lattice row can be obtained from the above equation by considering co as a variable. The pairs of x and y values can be plotted and are shown in Fig. 10 . It is a sine curve with two periods in a complete circle of the film cylinder because the film advances when the crystal rotates. A central lattice row such as a* can be considered to have two sections separated at the origin, the positive and the negative section, and are usually de-signated as a* and -a*. If the first period of the sine curve is due to the a*, the second period is due to the -a*. Since a half-circle slit screen is used, the dotted part of the curve is not recorded on the film. The central lattice rows can then be described as long S-shaped curves. In a Weissenberg photograph, the locus of a central lattice row is a straight line. The distortion of the rotation camera from a Weissenberg photograph can be understood easily when the loci of central rows are compared.
The non-central lattice rows trace out a set of curves called festoons in the Weissenberg camera. The relation between F and co for non-central lattice rows given by Buerger is substituted into (39) (x_,y_) , (x+,y+) can be calculated and plotted. Their shape is shown in Fig. 11 . This diagram is similar to that of a Weissenberg chart used for indexing purposes.
An example of the zero-layer diffraction pattern for PdCI(PPhzOH)2 is shown in Fig. 12. 
The upper-layer photographs
The mechanical design of the camera for taking upperlayer photographs is made in such a way that the equiinclination technique is always used. In this method, the X-ray beam intersects the crystal rotation axis, w', at an angle of/~e, Fig. 13 . In order to have a full coverage of the upper layer, the crystal is moved from the centre of the camera, O, to a new position, 0'. The distance OO' is calculated from consideration of the angle,/~, which is the complement of/~e. c-00'= [,,'2r s tan ~t.
The relation between ~ and ~ for the equi-inclination method is sin p = -~/2 (43)
and substitution into (42) gives c= V2r:~/(4-~2) 1/2.
The angle,/~, of inclination and the distance, c, that the crystal should be moved from the centre of the camera can be calculated if the period identity of the rotation axis of the crystal is known. However, it is easier if we limit the number of variables to a minimum. In the present design, the distance c changes automatically when/~ is changed. This is done by mechanical coupling. It is also important to note that v' is no longer the direction of the X-ray beam if/~ is different from zero. When the crystal is moved into position for equiinclination geometry, the upper-layer reflexions form a cone which intersects the film cylinder. The locus of the intersection is a three-dimensional curve. If the film is kept still while the crystal rotates, the reciprocallattice points of the nth layer are recorded as a twodimensional curve on the unrolled film. The nth layer reflexions can be spread on the film by coupled rotation (iii) A reflexion is represented by a point in the reciprocal lattice. The condition for developing a diffracted beam is that a reciprocal-lattice point comes to cut the Ewald sphere. This condition is illustrated in Fig. 14(b) where the reflecting circle is shown. The line that represents the central lattice row cuts the circle, and the diffracted X-ray beam develops along OP. This is a view looking from the -w' direction. The two angular coordinates Y and 09 were defined by Buerger (1942) . The coordinates u, v' of P satisfy (48).
Transforming to the coordinate system uvw with equations (6), the above relation becomes w=l/2u cot ~'p-V.
As the crystal rotates with angular velocity 09, the central lattice row cuts the reflecting circle at a different point and F varies. The point P traces out a curve. The coordinates of P can be expressed in terms of (u'v'w'), (uvw) or (x'y). The last of these are film coordinates as defined before. Substituting the coordinate transformation formula (6) for w' and using the condition (48) for v' in the equation of the cone (46) gives: 
Imposing the condition that the point P must be on the film, i.e. substitution of (7) into (52) with further simplification, gives
(2 + K)v 2 + 4tv + (2t 2 -r}K) = 0.
(54)
The solution for v is therefore v=[-2t+(KZr}-ZKt 2 + 2KZr:)l/2]/(2 + K). (55) In this equation, v can be considered as a function of 1: through the definition of K in (53). It is clear from Fig. 14 that the coordinate v varies from + 1 through 0 to -1 as the angle Y varies from 0 to re. Since a half-circle opening screen is used, only the range 0 < lc < rc needs to be considered. The variation of v in the range -1 < v < 1 must be continuous. The value of K for which v=0 can be calculated from (55). The solutions are K = 2t 2 and -2r}. Inspection of the definition of K, (53), indicates that K > 0"0: therefore, only K=2t 2 will give the critical value of F at which v changes sign. This critical value for l" can be evaluated from
The positive sign is to be chosen as )" is less than 90 ° at this point (Fig. 14) . For K --0, v = -2t from equation (55). The magnitude of Y under these conditions is given by YK:0-cos -1 (-t).
This type of precaution was taken in writing programs to calculate the film coordinates x',y for plotting the templates. So far, the rotation of the film cylinder as the crystal rotates has not been considered. As in the treatment of the zero-layer case, when the crystal rotates through an angle co, the film cylinder also rotates in the same direction. Only the x parameter changes and the quantity r:co should be subtracted from x'; therefore
x =r: cos-~ (~)-r:co.
With 1 c as a variable which was divided into 720 increments, a set of values for x and y was calculated and plotted. The curves so obtained represent the loci of central lattice rows. The deviation from the zerolayer increases as/~, the angle of inclination increases. A series of curves for g= 0, 5, 10, 15 and 20 ° is given as part of Fig. 15 .
For non-central lattice rows, the reflexion coordinates 1:+ can be expressed in terms of co and (Buerger, 1942) . view of the fact that the curves of central lattice rows do not vary rapidly, only two diagrams for ~ = 10 and 20 ° are given in Fig. 15 . These curves are spaced 0-1/cos kt apart.
A diffraction experiment with the camera submerged in liquid helium was performed and the mechanical movements worked very well. Unfortunately, the crystal fell off when liquid helium was introduced. This experiment showed, however, that diffraction studies of a single crystal in liquid helium could be successful with the camera.
